A central goal of synthetic biology is to apply successful principles that have been developed in electronic and chemical engineering to construct basic biological functional modules, and through rational design, to build synthetic biological systems with predetermined functions. Here, we apply the reverse engineering design principle of biological networks to synthesize a gene circuit that executes semi-log dose-response, a logarithmically linear sensing function, in Escherichia coli cells. We first mathematically define the object function semi-log dose-response, and then search for tri-node network topologies that can most robustly execute the object function. The simplest topology, transcriptional coherent feed-forward loop (TCFL), among the searching results is mathematically analyzed; we find that, in TCFL topology, the semi-log dose-response function arises from the additive effect of logarithmical linearity intervals of Hill functions. TCFL is then genetically implemented in E. coli as a logarithmically linear sensing biosensor for heavy metal ions [mercury (II)]. Functional characterization shows that this rationally designed biosensor circuit works as expected. Through this study we demonstrated the potential application of biological network reverse engineering to broaden the computational power of synthetic biology.
INTRODUCTION
Significant advances have been made in synthetic biology. For instance, the genetic toggle switch [1] , the genetic oscillator [2, 3] , the push-on push-off genetic switch [4] , and the genetic program performing edge detection [5] have been experimentally synthesized in different laboratories. These achievements demonstrated that artificially designed biological circuits can perform predicted reliable functions and are of great potential for applications in biological engineering. However, due to the lack of effective rational design approach, most of these circuits have been built in a fairly ad hoc manner, in which iterative design and following troubleshooting are often required to achieve object functions [6, 7] . Therefore, how to develop rational approaches that effectively support the design and building of genetic circuit is becoming a critical problem in synthetic biology [8, 9] .
On the other hand, systems biology aims to quantitatively study biological regulatory network, focusing on the interactions between biological components and under what design principles those interactions happen [10, 11] . Obviously, investigation, understanding and designing are integrally linked. Therefore, it is reasonable that exploiting natural design principles depicted by systems biology to guide the rational design of artificial biological network could be a potential solution to the problem of synthetic biology [8, 9, 11] . It has been recently revealed in systems biology that network topology plays a critical role in robustly producing specific functions -the functional repertoire of a network is limited by its network topology [12] [13] [14] . Although the implementation of biological networks dramatically diversifies, a particular biological function is permitted by only a limited number of network topologies among which some may be more favored due to fewer parameter constraints [12, 13] .
Here we apply the method of biological network analysis developed by Ma et al. [13] to design transcriptional gene circuits with predetermined functions. If the network topologies with the highest robustness for an object function are biologically implemented, the object function will be achieved with less laborious trial-anderror fine-tuning or iterative design. As a proof of concept, we in silico designed and experimentally constructed a gene circuit that enables E. coli cells to report the presence of mercury (II) ions in water with a semi-log dose response curve (SLDRC), in which the output value (the fluorescence of green fluorescence protein of the cell) is proportional to the logarithmical value of the input (mercury (II) concentration in water) ( Figure 1A) . The results showed that the biosensor gene circuit performed logarithmically linear sensing function as expected. Through this study we addressed the possibility of applying biological network reverse engineering approach to broaden the capacity of synthetic biology to rationally design biological systems.
RESULTS
The procedure can be outlined as the following: (i) we enumerate all possible tri-node network topologies, define the network topologies capable of performing the object function (SLDRC), and quantify their robustness against internal and external fluctuations ( Figure 1A) ; (ii) the topologies with the highest robustness for the SLDRC function were selected for further analysis. The workflow is depicted in Figure 1B . In the following we discuss each process in detail.
Quantitatively defining object function
The object function was first defined according to our expectations. Figure 1A provides the main feature of SLDRC function, logarithmical linearity: The horizontal axis in Figure 1A denotes the input, the logarithmic value of divalent mercury ion [mercury (II)] concentration, and The mathematical definition of semi-log dose-response function (SLDRC function). r is Pearson correlation coefficient and output range was defined as HIGHLEVEL minus LOWLEVEL. (B)The flow chart briefly describing the network reverse engineering approach vertical axis stands for the output, the fluorescence of green fluorescent protein (GFP) as the reporter of gene expression, which increases with input in a linear relationship. The output range was defined as HIGH-LEVEL minus LOWLEVEL. In addition, we also expected a wide input range; it was predetermined to be wide enough, in our case 10 -9 mol/L to 10 -5 mol/L. For network topology searching, a numerical standard, Pearson correlation coefficient r, was set to quantify the Input-Output linear relationship in SLDRC function ( Figure 1A ). If r is larger than a critical value r c (r c was set as 0.98 in this study), we regarded the network topology as "positive", which means that it is capable of SLDRC function; else as "negative", in this case, the network motif will be excluded.
Network definition, equations derivation & calculation
Subsequently, we define the scale of networks (the number of nodes) and the interaction function between nodes for network enumeration. As proposed in Ma's study [13] , here we consider only a minimal framework of tri-node network: one node for receiving the input (Node A), one node for transmitting output (Node C), and a third node that can play diverse regulatory roles (Node B) ( Figure 2A ). There are nine direct links between nodes, each with three possible types: positive, negative, or no regulation. Therefore, there are altogether 3 9 =19683 trinode topologies. Because among them there are 3645 topologies that have no direct or indirect links from the input to the output (occlusive Node C),there remain a total of 16038 possible three-node network topologies that contain at least one direct or indirect causal link from the input node to the output node. We set to evaluate all these possible network topologies to get the ensemble of positive network topologies.
To quantitatively describe the dynamics behavior of each network topology, they were all translated into sets of dynamics equations. For this purpose we need to determine the interactions between nodes in a given network. In this study, the derivation of the equation was on the basis of the following assumptions:
(i) The nodes represent transcriptional factors (TF) or reporter gene (GFP). The links between the Nodes stand for activation or inhibition of gene expression control through transcription and translation process. The transcription was quantitatively described using the equilibrium binding probability P for binding of TF to DNA operator and the constant β for maximum transcription rate. Then we adopted a constant l to adjust P. For the interactions between multiple TFs, the multiplication of lP or 1 -lP was exploited to describe [12] .
(ii) Our mathematical model focused on protein (TFs or GFP) production (transcription-translation process), degradation and dilution along with cell growth. This is because other reactions, such as mercury (II)-protein binding process, happen much faster, thus to be regarded to be approximately at steady state, compared with the timescale of transcription-translation process [12, [15] [16] [17] [18] .
(iii) It is well known that gene expression has basal level even without TF regulation [19] . A repressor will down-regulate the initial expression level and an activator will up-regulate it. Accordingly, we assume each gene have a basal level expression β 0 . Furthermore, we assume that every TF species contributes to the final expression level of protein.
As an example, we translated the network topology presented in Figure 2C as the following: it is widely accepted that the possibility of TF binding to the DNA operator in promoter is
Where X Ã and K d represents the effective concentration of specific TF and the dissociation constant, respectively. According to the assumptions (i) and (iii), the link from Node A to Node C can be derived as:
Where β 0 is the basal transcription rate, β 1 the effective transcription rate contributed by Node A, and α the decay rate of Node C itself. For the process of mercury (II) sensing, TF at Node A forms a dimer to activate transcription. With the assumption (ii), we could deduce the effective concentration of a specific TF (X Ã 1 ) and the total concentration of the TF (X 1 ):
Where I is the concentration of Hg (II). Substituting the above in (2), we obtained the dynamics equation for the network topology shown in Figure 2 :
The first term in the right side of the equation is the basal expression level of the circuit in which 1 -lP is the possibility that specific TF is off the DNA operator; the second term is the contribution of on protein expression level, in which lP is the possibility that TF is on DNA operator, the third term is the decay rate of Node C. The above process of translating a network topology into mathematical equations can be generalized to obtain the dynamics equation for any tri-node network topologies. The mathematics formulas are presented in the following:
, j=2,3:
For each network topology, we randomly sampled 10000 sets of network parameters using Latin Hypercube Sampling (LHS) method ( Figure 2B ). In order to compare Pearson correlation coefficient r of each network (with randomly selected parameters) with estimated standard (r c =0:98), the derived ODE equations was numerically integrated to acquire steady-state expression level of output Node C under various input level received by Node A, and then a linear fitting of logarithmic input to output was conducted. As the input range was set to be 10 -9 mol/L to 10 -5 mol/L, we selected points in identical logarithmic distance intervals within this range. Considering the possibility of bistability resulted from certain network topology motif, we conducted calculation from high input level to low input level and the reverse, respectively.
In this way, we exhaustively analyzed a total of 160386Â10000 different ODEs. The values of their main feature for SLDRC function (Pearson correlation coefficient r) were thus obtained, of which all were compared with numerical standard (r c =0:98).
Analysis on network topologies
As shown in Figure 3A , for each network topology we defined Q value as the number of parameter sets that enables the network topology to meet the functional criteria (r > 0:98). The Q value reflects the robustness of a network topology for SLDRC function, the higher the Q value is, the more robust the network topology executes SLDRC function. All the network topologies were sorted Figure 2 . The framework of tri-node transcriptional network. (A) All possible tri-node network topologies. Node A receives input signal, Node C transmits output, and Node B plays regulatory roles. The links between nodes stand for TF interaction through transcription and translation process with three possible types: positive, negative, or no regulation. There are 16038 possible network motifs in total. (B) For each topology, 10000 sets of network parameters were sampled using LHS method. When sampling a function containing N variables, the range of each variable was divided into M equally probable intervals, and M sample points were then sampled to meet the requirements of Latin Hypercube Sampling method: in each axis-aligned hyper-plane, only one cube was filled with sample point. (C) An example network topology that has only one link from node A to node C. Whether this link is positive, negative or no regulation was determined by l, a constant described in context. were also listed. Their ranks were indicated in brackets. All of them contain TCFL motif implying that it is a common feature.
and ranked according to their Q values ( Figure 3B ). We found that most network topologies have Q or low Q values, while there are a small fraction of the network topologies with high Q values.
Listed in Figure 3C are all of the simplest topologies with 4 or less direct links between the three nodes with high Q values. Their ranks were also indicated in Figure  3C . Notably, there is only one 3-link topology out of the entire 7 simplest topologies, and it seems to be necessary among all: two positive links from Node A to Node B and Node C, respectively, and one positive link from Node B to Node C ( Figure 3C ). We named this network motif as Transcriptional Coherent Feed-forward Loop (TCFL).
In order to explore whether TCFL motif is necessary for SLDRC, we analyzed all of the top 74 SLDRC topologies listed in Figure 3B . Results shown in Figure  4A demonstrate that TCFL is indeed necessary for SLDRC function. Furthermore, to investigate what additional features contribute to SLDRC except minimal TCFL network motif, we clustered top 74 SLDRC network topologies. The results clearly indicated that, apart from TCFL and self-activation at Node C, there should be no positive link anywhere else ( Figure 4B ).
To fully understand how TCFL network motif exhibits SLDRC function and to provide more information for gene circuit implementation, we analyzed the TCFL topology and its parameter preference.
When a specific gene circuit taking TCFL topology reaches its steady state, dX 1 dt
dX 3 dt =β 0 1 -l 13 kIX 2 1
which give:
Taking X 3 as the function of I:
in which
Here we omitted the term of I 2 and g K 2 þ I because I<<K 2 . This gives
in which g andα are integrated constants.
For any y= vx K þ x , there always exists a logarithmically linear range: if x is transformed to log x (linear scale to logarithmical scale), we obtained
This can be viewed as the result of a horizontal shift of
along the log x axis by log K. If the curve of y= x 1 þ x taking a logarithmic abscissa coordinate could be regressed to a lineŷ=a þ blogx with coefficient r within an interval [x 1 ,x 2 ], for any y= vx
there is a regressionŷ=v a þ b ½ logx -logK ð Þ with the same r within an interval that is approximately
, a wider logarithmically linear range could be reached under the restriction of K 1 £K 2 £K 1 e R . This is due to the additive combining of logarithmically linear intervals of the second and third terms, thus to form an extended logarithmically linear range that could be formulized as R þ log K 2 K 1 , with R representing the width of logarithmically linear interval in a single Hill function. For instance, a combination of two logarithmically linear intervals with 3.5 orders of magnitude could give a logarithmically linear range with 6-7 orders of magnitude. To briefly summarize, in TCFL network topology, the network utilizes a redundant pathway (Node A to Node B to Node C) with different sensitivity to compensate for the saturation of single Hill function (Node A to Node C). The final step of analysis on the network topologies is to conduct parameter sensitivity analysis. This process is to find sensitive parameters for the SLDRC function. It will provide theoretical guidance for the gene circuit implementation. The analysis showed that the parameters that significantly contribute to SLDRC function are l 13 ; l 12 ; l 23 ; α 1 ; α 2 ; α 3 ; K 13 ; K 12 ; K 23 . It also suggests that, in practical gene circuit construction, smaller α 3 , larger l 12 and larger l 23 should be adopted.
Genetic implementation of TCFL network topology for SLDRC function
After defining the network topologies that can perform the SLDRC function, we set to genetically implemented the TCFL network topology into a gene circuit. We chose mercury binding transcription activator, MerR, as the input-receiving node [20, 21] . In this study, MerR gene comes from Tn21 in Shigellaflexneri R100 plasmid [22, 23] . MerR protein forms dimer and tightly sequesters mercury (II) at 10 -8 mol/L concentration even in the Figure 2A , which correspond to Node A self-regulation, Node A to Node B, Node A to Node C, Node B to Node A, Node B self-regulation, Node B to Node C, Node C to Node A, Node C to Node B, and Node C self-regulation, respectively. Red color stands for activation, green for repression and black for no regulation. The network topologies on the right are the minimal motifs revealed by clustering.
presence of 1000-fold higher concentration of molecular thiol-competing ligands [16] . In the absence of mercury (II), MerR protein dimmers lightly binds to its DNA operator at promoter pmerT, resulting in slight repression of the basal transcription [16, 17, 21] . In the presence of mercury (II), tight binding of mercury (II) causes a conformational change to activate MerR dimer, leading into tight binding of MerR dimer to pmerT promoter and recruitment of RNA polymerase [16, 17] . As a consequence, transcription is initiated. Notably, as the binding of MerR dimer to pmerT promoter in the absence of mercury (II) (inactivated form)is weak compared with the case of mercury (II) presence (activated form),we reasonably neglected the competitive binding of inactivated MerR dimer. A conventional bi-node biosensor circuit consisting of only Node A (MerR) and Node C (green fluorescence protein, GFP) was constructed at first ( Figure 5A ). In details, a DNA fragment carrying pmerT promoter was cloned preceding BBa_E0840, a GFP generator from Registry of Standard Biological Parts (partsregistry.org) [24, 25] . The expression of MerR was driven by a constitutive promoter, BBa J23103, from Registry of Standard Biological Parts as well. The pmerT-E0840 construct was then cloned into pSB3K3 backbone and BBa J23103-merR into pSB1A3 backbone. All the constructions here and after were performed using standard assembly [24, 25] .
When induced with gradient concentrations of mercury (II), bacteria carrying two plasmids, pmerT-E0840-pSB3K3 and BBa J23103-merR-pSB1A3, were grown in LB broth with appropriate ampicillin and kanamycin at 37°C. Then the overnight culture was 1000-fold diluted into fresh LB broth. When OD 600 (observing density at wavelength 600 nm) reached 0.4-0.6, the cell culture was disposed into 96-deep-well plate wells, each owning 500 μL; different doses of mercuric chloride solution were supplemented accordingly, 3 replicates for each dose. The final concentration varied from 0 to 10 -6 mol/L. In-plate culture fluorescence and OD 600 was recorded after overnight growth at 37°C. As shown in Figure 6 , the output GFP fluorescence fits well to Hill function. As discussed before, only a narrow logarithmically linear range can be used for the accurate sensing of input level.
According to the results depicted by our in silico computation, we next genetically implemented tri-node TCFL by adding Node B, which was expected to transform the dose response curve from Hill function to (A) , TCLF, the simplest network topology motif for SLDRC function, was genetically implemented. Node A is MerR. For Node B, the gene is transcription activator ogr that can activate transcription at psid promoter. Node C is GFP reporter gene whose expression was driven by both psid (activated by ogr activator) and pmerT (activated by MerR and mercury (II) complex).
SLDRC. As suggested in theoretical analysis, smaller α 3 (degradation rate of GFP), larger l 12 (transcription activation of Node B by MerR-Hg (II) complex) and larger l 23 (transcription activation of GFP by Node B) should be adopted. Therefore, for Node B, we chose a strong transcription activator ogr from P2 phage [26, 27] . Once expressed, it could recruit RNA polymerase constitutively and activate transcription at its cognate psid promoter [27] . When mercury (II) activates Node A (MerR), ogr will be expressed and activate the expression of GFP at Node C together with activated Node A (MerR) ( Figure 5B) . Additionally, the ribosome binding site (RBS, the major determinant of translation rate) of GFP is BBa_B0034, the most consensus RBS sequence Registry of Standard Biological Parts; GFP protein has no degradation tag to guarantee low degradation rate (smaller α 3 ). Reassuringly, without further parameter fine-tuning in bench work, the dose response curve exhibits SLDRC function. The logarithmically linear sensing range for mercury concentration was significantly expanded from 7 fold to nearly 250 fold ( Figure 6 ).
The experimental result is consistent with our theoretical analysis. In Figure 6 both bi-node and TCFL tri-node biosensor circuits could be regressed to lines within appropriate logarithmically linear intervals. When the Hill function was exploited to fit the dose response curve of Node A-to-Node C direct pathway due to the competition between the direct and indirect pathways, given the consideration of saturation effect in biochemical reactions. The putative "dose response curve" of the Node B-mediated Node A-to-Node C pathway is also presented in the dashed blue curve, showing the contribution of this indirect pathway to the SLDRC function of TCFL biosensor circuit; it was numerically calculated using the dose response curves of bi-node and tri-node biosensor circuits.
bio-node biosensor circuit, we found the dissociation constant to be K 2 =3:45 Â 10 -6 ( Figure 6 ). We took this constant as the apparent constant of the Hill term describing the contribution of the direct pathway (from Node A directly to Node C) in the TCFL biosensor circuit. Then using the experimental data of TCFL tri-node biosensor circuit we found the Hill term describing the contribution of indirect pathway (Node B-mediated Node A Node C) to be K 1 =6:91 Â 10 -8 ( Figure 6 ). According to the analysis in the section of Analysis on Network Topologies, the estimation of the logarithmically linear sensing range was log ð7Þ þ log ðK 2 =K 1 Þ=2:53, which is consistent with the experimentally measured results, log(250) = 2.39, of the TCFL tri-node biosensor circuit. Notably, the slopes of bi-node and tri-node biosensor circuits are different ( Figure 6 ). This is probably because in genetic implementation the Hill coefficients of the two pathways (the direct and Node B-mediated indirect pathways) in TCFL have different values.
It is possible to fine-tune the sensitive parameters revealed by in silico analysis to expand the logarithmically linear sensing range. Our analysis indicates that any change of K 12 and K 13 (corresponding to the binding constant of MerR to pmerT promoter preceding TFs of Node B and Node C, respectively) will attenuate SLDRC character. Therefore, fine-tuning of the binding constants of MerR to pmerT promoter could probably improve SLDRC function. Previous studies suggested that mutations at semi-conserved region of MerR binding site would change the binding constant of MerR-DNA interactions [28] . To construct a spectrum of such parameter, we conducted mutagenesis at semi-conserved region of MerR binding site. A saturated mutagenesis library was built, followed by measurement of 100 mutants. If this parameter spectrum was applied to finetune TCFL motif gene circuit, it is probable that SLDRC function character will be improved.
DISCUSSION
In summary, we applied the approach of biological network reverse engineering to synthesize a gene circuit that executes semi-log dose response in Escherichia coli cells. The major advantage of biosensor circuit with SLDRC function is the expanded working range compared with conventional bi-node biosensor whose dose response curve is typically a Hill function. This gene circuit could work as a biosensor with logarithmically linear sensing function; it implements Weber's law behavior, which states the detection of input fold changes rather than the absolute levels: if input varies as a geometric progression, the output will change in an arithmetic progression. Very recently Lu et al. reported that SLDRC function could also be implemented using forward engineering design [29] . They exploited feedbacks and copy number control to dramatically expand the logarithmically linear sensing range of bi-node sensor circuit, which is quite different from our reverse engineering approach. Considering the mechanisms to achieve SLDRC function, these two approaches could compensate each other.
With the continuous endeavor in system biology, more and more advances in our understanding of design principles of natural biological networks have been achieved. It is expected that these advances, including the design principles of how biological components interact with each other and the computation methods developed in this process, will provide fundamental basis for designing synthetic biological systems in the area of synthetic biology [7] [8] [9] . In this context, it has been recently reported that the reverse engineering approachcan be taken to design artificial signal transduction regulatory networks that can robustly achieve polarization in yeast cells [30] . This study (biochemical networks of signal transduction) together with ours (transcriptional regulatory network) can serve as good examples to demonstrate the promising power of biological network reverse engineering approach.
However, there are still problems hidden behind. The most critical issue of biological network reverse engineering approach is the limited complexity of network for exhaustive topology searching. The topology of tri-node network can be exhausted, but those of quarto-node network cannot due to currently limited computation ability. It is very difficult to exhaust quarto-node network topologies and to investigate smaller "positive" fraction out of 3 16 motifs. New mathematical tools are needed to push forward this line.
MATERIALS & METHODS
Strains and growth media E. coli strain Trans1T1 and Luria-Bertani (LB) medium (10 g/L tryptone, 5 g/L yeast extract, and 10 g/L NaCl) were ilised throughout the studies. Kanamycin (25 μg/mL) and ampicillin (50 μg/mL), were supplemented as needed. The inducer mercuric chloride was obtained from Sigma Aldrich (# M1136).
Plasmid construction
BioBrick standard assembly [25] ENREF 1 was used for plasmid construction throughout the study unless otherwise specified. Site-directed mutagenesis was conducted using the MutanBEST Kit (Takara) following the manufacturer's protocol.
Fluorescence and OD 600 recording
Cells that harbour the appropriate plasmids were incubated in LB broth at 37°C overnight in culture tubes and then diluted 1000-fold into fresh LB broth in beaker flasks. Once the OD 600 reached 0.3-0.4 (Spectrumlab 721 N), each culture was transferred into 96-deep-well plates (500 μL culture per well), supplemented with appropriate inducers, and incubated overnight (250 r/m, 37°C). Finally, the inducer was wash away and the cells were resuspended with PBS solution; 20 μL of the resuspension was diluted 10-fold into 200 μL of PBS solution for a microplate reader recording of the fluorescence and OD 600 values (Thermo Scientific Varioskan Flash) with appropriate settings.
